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* (B) $18300\infty 3$







1 $\mathcal{H}$ Hilbert $e_{1},$ $e_{2},$ $\cdots\in \mathcal{H}$ :
(1) $\{c_{1}\}_{1=1}^{\infty}\in l^{2}$ $\sum_{:=1}^{\infty}$ cjei ;
(2) $\{c_{t}\}_{i=1}^{\infty}\in l^{2}$ $\sum_{i=1}^{\infty}c_{1}e$: ;
(3) $x\in \mathcal{H}$ $\{\langle e_{i}|x\rangle\}_{i=1}^{\infty}\in l^{2}$
(4) $a\geq 0$ $i\Vert\sum_{1=1}^{\infty}c_{*}\cdot e_{i}\Vert^{2}\leq a\cdot\sum_{i=1}^{\infty}|q|^{2}$ ;
(5) $a\geq 0$ $\sum_{1=1}^{\infty}|\langle e_{i}|x\rangle|^{2}\leq a\cdot\Vert x\Vert^{2}$
$e_{1},$ $e_{2},$ $\ldots$ { 1 $rightarrow\sum_{1=1}^{\infty}\mathfrak{g}e_{i}$ $A$
$xrightarrow\{\langle e_{i}|x\rangle\}_{i=1}^{\infty}$ $A^{*}$ $A$
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(6) $\{e_{n}\}_{n=1}^{\infty}$ $\mathcal{H}$ ;
(7) $b>0$ $\Vert\sum_{n=1}^{\infty}c_{n}e_{n}\Vert^{2}\geq b\cdot\sum_{\mathfrak{n}=1}^{\infty}|c_{n}|^{2}$ .




(9) $b>0$ $\sum_{n=1}^{\infty}|\langle e_{n}|x\rangle|^{2}\geq b\cdot\Vert x\Vert^{2}$ .
(9) $\{e_{n}\}_{n=1}^{\infty}$ $\mathcal{H}$ $\{e_{n}\}_{n=1}^{\infty}\subseteq \mathcal{H}$
(4), (6) $,(7)$
(5), (8) $,(9)$
$\{e_{n}\}_{n=1}^{\infty}$ $\mathcal{H}$ Riesz Riesz $\mathcal{H}$ $l^{2}$
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$0\neq\varphi\in L^{2}(\mathbb{R})$ $0\neq 0\in \mathbb{R}$












$\forall t\in(t_{0}, t_{1}),\hat{\varphi}(t)\neq 0$
(to, $t_{1}$ )
$\forall t\in(t_{0},t_{1}),\sum_{k=-n}^{n}a_{k}e^{-2\pi ik\sigma t}=0$
$\forall z\in \mathbb{C},\sum_{k=-n}^{n}a_{k}z^{k}=0$
$0$ $([7],[8])$
$\bullet$ 1 $\{\varphi_{k}\}_{k\in Z}$
$\sum_{n\in \mathbb{Z}}|\hat{\varphi}(\frac{s+n}{\sigma})|^{2}=\sigma$ , for dmost all $s\in[0,1$ ).
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$\sum_{n\in \mathbb{Z}}|\frac{1}{t+n}(e^{-2\pi i(t+n)}-1)|^{2}$ $=$ $\sum_{n\in Z}|\frac{1}{t+n}(e^{-2\pi 1t}-1)|^{2}$
$|e^{-2\pi it}-1|^{2} \sum_{n\in \mathbb{Z}}\frac{1}{(t+n)^{2}}$
.
$=$ 2 $(1- coe2\pi t)\sum_{n\in \mathbb{Z}}\frac{1}{(t+n)^{2}}$
4 $( \sin^{2}\pi t)\sum_{n\in Z}\frac{1}{(t+n)^{2}}$
$\sum_{k\in \mathbb{Z}}\frac{1}{(t+n)^{2}}=\frac{\pi^{2}}{\sin^{2}\pi t}$
$\sum_{\mathfrak{n}\in Z}|\hat{\varphi}(t+n_{h})|^{2}=1$
, for almost all $t\in[0,1$ ).
1: Haar $\varphi(x)$ ( ) $| \hat{\varphi}(t)|=\frac{\epsilon in\pi t}{\pi t}$ ( )
$f\in \mathcal{H}$ $\{\langle\varphi_{k}|f\rangle\}_{k\in \mathbb{Z}}\in l^{2}(\mathbb{Z})$
.
2 $0<a\leq b$
$a||f||^{2} \leq\sum_{k\in \mathbb{Z}}|\langle\varphi_{k}|f\rangle|^{2}\leq b\cdot||f\Vert^{2}’$
. for $dlf\in\nabla$
$a \sigma\leq\sum_{n\in l}|\hat{\varphi.}(\frac{s+n}{\sigma})|^{2}\leq k$ for almost all $s\in[0,1$ ).
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Proof.
$a \Vert f\Vert^{2}\leq\sum_{k\in Z}|\langle\varphi_{k}|f\rangle|^{2}\leq b\Vert f\Vert^{2}$ for all $f\in\overline{\mathcal{V}}$
( Lemma 1 $k\}_{z\in \mathbb{Z}}$ –V Riesz
) $A:f\mapsto\{\langle\varphi_{k}|f\rangle\}_{k\in Z}$ $\overline{\mathcal{V}}$ $l^{2}(\mathbb{Z})$
$a\Vert f||^{2}\leq\Vert A^{-1}\Vert^{-2}\Vert f||^{2}\leq\Vert Af\Vert^{2}\leq\Vert A\Vert^{2}\Vert f||^{2}\leq b\Vert f||^{2}$ for all $f\in\nabla$



















$\sum_{k\in Z}\langle f|\varphi_{k}\rangle c_{k}$
$\langle f|\sum_{k\in \mathbb{Z}}c_{k}\varphi_{k}\rangle$
$=$ $\langle f|A^{*}\{c_{k}\}_{z\in \mathbb{Z}}\rangle$
$A^{*}$ $(A^{*})^{-1}$ : $frightarrow\{\langle\psi_{k}|f\rangle\}_{k\in Z}$
$\Vert A^{*}\Vert^{-2}\Vert f\Vert^{2}\leq\Vert(A^{*})^{-1}f\Vert^{2}\leq\Vert(A^{*})^{-1}\Vert^{2}\Vert f\Vert^{2}$
29
$\Vert A\Vert^{-2}\Vert f\Vert^{2}\leq\Vert(A^{*})^{-1}f\Vert^{2}\leq\Vert A^{-1}\Vert^{2}\Vert f||^{2}$
$\frac{1}{b}\cdot\Vert f\Vert^{2}\leq\sum_{k\in Z}|\langle\psi_{k}|f\rangle|^{2}\leq\frac{1}{a}\cdot\Vert f\Vert^{2}$ for all $f\in\overline{\mathcal{V}}$






$\frac{1}{a}$ . $\int_{-\infty}^{\infty}|\sum_{k\in \mathbb{Z}}\langle\psi_{k}|f\rangle\overline{\varphi_{k}}(t)|^{2}dt$
$\frac{1}{a}$ . $\int_{-\infty}^{\infty}|\sum_{k\in \mathbb{Z}}\langle\psi_{k}|f\rangle e^{-2:k\sigma t}\pi\hat{\varphi}(t)|^{2}dt$
$\frac{1}{a\sigma}\cdot\int_{-\infty}^{\infty}|\sum_{k\in \mathbb{Z}}\langle\psi_{k}|f\rangle e^{-2niks}\hat{\varphi}(\frac{s}{\sigma})|^{2}ds$
$=$ $\frac{1}{a\sigma}$ . $\int_{-\infty}^{\infty}|\sum_{k\in \mathbb{Z}}\langle\psi_{k}|f\rangle e^{-2\dot{m}k*|^{2}|^{\wedge}}\varphi(\frac{s}{\sigma})|^{2}ds$
$\frac{1}{a\sigma}$ . $\sum_{n\in Z}\int_{n}^{n+1}|\sum_{k\in \mathbb{Z}}\langle\psi_{k}|f\rangle e^{-2\pi ik\epsilon}|^{2}|\hat{\varphi}(\frac{s}{\sigma})|^{2}d\epsilon$
$\frac{1}{a\sigma}\cdot\sum_{n\in \mathbb{Z}}\int_{0}^{1}|\sum_{k\in Z}\langle\psi_{k}|f\rangle e^{-2n1k(\epsilon+n)}|^{2}|\hat{\varphi}(\frac{\epsilon+n}{\sigma})|^{2}ds$
$=$ $\frac{1}{a\sigma}\cdot\int_{0}^{1}|\sum_{k\in \mathbb{Z}}\langle\psi_{k}|f\rangle e^{-2\pi ik\epsilon}|^{2}\sum_{n\in \mathbb{Z}}|\hat{\varphi}(\frac{s+n}{\sigma})|^{2}$ds
$f$
$\overline{\mathcal{V}}$
$\{\langle\psi_{k}|f\rangle\}_{k\in \mathbb{Z}}$ $l^{2}(\mathbb{Z})$ $\sum_{k\in Z}\langle\psi_{k}|f\rangle e^{-2\pi 1kt}$
$L^{2}[0,1)$
$a \sigma\int_{0}^{2\pi}h(s)ds\leq\int_{0}^{1}h(s)\sum_{\mathfrak{n}\in \mathbb{Z}}|\hat{\varphi}(\frac{s+n}{\sigma})|^{2}ds$
$a \sigma\leq\sum_{n\in Z}|\hat{\varphi}(\frac{s+n}{\sigma})|^{2}$ , .for almost all $s\in[0,1$ )
$b \sigma\geq\sum_{n\in Z}|\hat{\varphi}(\frac{s+n}{\sigma})|^{2}$ , for almost all $s\in[0,1$ )
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-$f= \sum_{k=-m}^{m}c_{k}\varphi_{k}$
$\Vert$fll $=$ $\int_{0}^{1}|\sum_{k=-m}^{m}c_{k}e^{-2\pi ik\epsilon}|^{2}\sum_{n\in Z}|\hat{\varphi}(\frac{s+n}{\sigma})|^{2}ds$
$\geq$ $a \sigma\int_{0}^{1}|\sum_{k=-m}^{m}c_{k}e^{-2\pi ike1^{2}ds}$
$=$ $a \sigma\sum_{k=-m}^{m}|c_{k}|^{2}$
$\Vert f\Vert\leq k\sum_{k=-m}^{m}|c_{k}|^{2}$
$B: \{c_{k}\}_{k\in Z}\mapsto\sum_{k\in Z}c_{k}\varphi_{k}$
$l^{2}(\mathbb{Z})$
$\overline{\mathcal{V}}$
$B^{*}:$ $frightarrow\{\langle\varphi_{k}|f\rangle\}_{k\in \mathbb{Z}}$ $\blacksquare$
$\varphi$
$\psi(t)=\{\begin{array}{ll}1, if n\leq|t|<n+\frac{1}{n+2},0, if n+\frac{1}{n+2}\leq|t|<n+1,\end{array}$ $(n=0,1,2, \ldots)$
$\sigma=1$
$\int_{-\infty}^{\infty}|\psi(t)|^{2}dt=2\sum_{n=2}^{\infty}\frac{1}{n^{2}}<\infty$
$\psi\in L^{2}(\mathbb{R})$ $\psi$ Fourier $\varphi$ $\varphi$ Fourier $\psi$
$\sum_{k\in \mathbb{Z}}|\psi(t+k)|^{2}=2\sum_{k=1}^{\infty}|\psi(t+k)|^{2}=n-1$ for $\frac{1}{n+1}\leq t<\frac{1}{n}$ and $n\in N$
1 $\{\psi_{k}\}_{k\in Z}$ $\{\varphi_{k}\}_{k\in Z}$ Ri\’ez




$\{\psi_{k}\}_{k\in Z}$ $(*)$ $l^{2}(\mathbb{Z})$ $A$ $one- t\triangleright one$
$\{\psi_{k}\}_{k\in \mathbb{Z}}$
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Riesz $\{\psi_{k}\}_{k\in Z}$ 1
$\psi=\psi_{0}$
$k\in \mathbb{Z}$
$\psi_{k}(x)=\psi(x-k)$ , $x\in \mathbb{R}$
$f\in L^{2}(\mathbb{R})$
$(Uf)(x)=f(x+1)$ , $x\in \mathbb{R}$
$U$ $L^{2}(\mathbb{R})$
$\langle U\varphi_{k}|U\psi\iota\rangle=\langle\varphi_{k}|\psi_{l}\rangle=\delta_{kl}$, $k,l\in Z$
$\{U\varphi_{k}\}_{k\in Z}$ Riesz $\{U\psi_{k}\}_{k\in \mathbb{Z}}$ $\{U\varphi_{k}\}_{k\in \mathbb{Z}}=\{\varphi_{k-1}\}_{k\in Z}$











$Pf= \arg\min_{g\in}||f-g||$ , $f\in L^{2}(\mathbb{R})$
( 2 )
2 2 $a=b$ $\{\varphi_{k}\}_{k\in Z}$ 1
$\{\varphi_{k}\}_{k\in Z}$













$C^{-1}\{\begin{array}{l}\vdots 0\vdots 1\vdots 0\vdots\end{array}\}=\{\begin{array}{l}\vdots c_{-m}\vdots c_{O}\vdots c_{m}\vdots\end{array}\}|$
$C^{-1}$ ( ) $\{c_{k}\}_{k\in \mathbb{Z}}$

















1 $\{\varphi_{k}\}_{k\in Z}$ -V $C$
$D$ $A:f\mapsto\{\langle\varphi_{k}|f\rangle\}_{k\in \mathbb{Z}}$ 2 $A$





, for all $f\in L^{2}(\mathbb{R})$
$AA^{*} \{\xi_{k}\}_{k\in \mathbb{Z}}=\{\sum_{j\in \mathbb{Z}}\langle\varphi_{k}|\varphi_{j}\rangle\xi_{j}\}_{k\in 2}$
$\{\xi_{k}\}_{k\in Z}$ $C$
$AA^{r}$ $C$
$Pf= \sum_{k\in Z}\langle\psi_{k}|f\rangle\varphi_{k}=\sum_{k\in Z}\langle\varphi_{k}|f\rangle\psi_{k}$
, $f\in L^{2}(R)$
$Pf$ $=$ PPf




$C$ $D$ $Pf$ $C$





3: $\varphi(x)=e^{-x^{2}},$ $\sigma=1$ $f$ $Pf$
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